An accurate and compact part-spectrum k-distribution database has been developed for the two most important radiating species N and O encountered in hypersonic nonequilibrium flows. The database allows users to calculate the desired full-spectrum k-distributions through look-up and interpolation, providing an efficient means to perform radiative transfer calculations. A detailed methodology of the k-distribution data generation is presented. An optimized Gauss quadrature scheme is implemented for reducing the size of the database. The accuracy of the database is determined by comparing partspectrum emissivities with those obtained from line-by-line calculations. The application of the database to construct full-spectrum k-distributions at arbitrary gas states is discussed. Heat transfer results for the stagnation line of the Stardust vehicle are discussed and CPU-time studies are presented, demonstrating the accuracy and efficiency of the k-distribution database.
Introduction
An accurate and efficient modeling of radiative heat transfer is necessary for optimal design of new generation space vehicles. In high-temperature plasma encountered during atmospheric entry of spacecrafts, the flow is highly dissociated, and radiation from atomic species, including bound-bound and continuum radiation, is a major source of heat transfer to the space vehicle. The strong spectral structure of atomic radiation requires a line-by-line (LBL) solution of the radiative transfer equation (RTE) at several hundred thousand wavelengths, making it extremely expensive to solve when coupled with a flow solver.
It has been shown that, for a small spectral interval in a homogeneous medium, the absorption coefficients can be reordered into a monotonic k-distribution, which yields exact results at a fraction of the computational cost required by line-by-line methods [1] . Modest and Zhang extended the k-distribution concept to the full spectrum, calling it the full-spectrum k-distribution method (FSK), and also to inhomogeneous media [2, 3] . While the k-distribution method is exact for a homogeneous medium, significant errors may occur when applied to strongly inhomogeneous media. Over the years, a number of new adaptations of the k-distribution method have evolved. The problem of inhomogeneity is addressed by using one of two different approaches: the scaling approximation or the assumption of a correlated k-distribution [3] . Both the scaled and correlated-k approaches may result in significant errors when dealing with inhomogeneous media because neither the scaled nor the correlated assumptions are ever truly accurate. The resulting errors and the applicability of scaled and correlated-k method have been discussed by Modest [3] .
It was recognized [4, 5] that, in high-temperature combustion applications, at significantly different temperatures different spectral lines dominate the radiative transfer, and the assumption of a correlated absorption coefficient breaks down. Similarly, in a mixture of gases, the correlation breaks down in the presence of strong concentration gradients, as recognized by Modest and Zhang [2] . To overcome some of these difficulties, Modest and Zhang developed the multiscale full-spectrum correlated-k distribution method (MSFSCK) [6] , in which different lines are placed into separate "scales" based on their temperature dependence, and the multigroup full-spectrum correlated-k distribution method (MGFSCK) [7] , where different spectral positions are placed into the different spectral groups according to their temperature and pressure dependence. The multigroup model has the advantage that it avoids the problem of overlap between the spectral groups but is not trivial to apply to gas mixtures. In contrast, in the MSFSCK method, the approximate treatment of overlap between different scales may lead to additional inaccuracy.
In the field of atomic line radiation, the reordering concept was introduced by Hermann and Schade [8] for high-temperature cylindrical nitrogen arcs. This model is very similar to the partspectrum based approach used in this work. Recently, Bansal et al. [9] have developed a MGFSCK method for radiation transfer in hypersonic nonequilibrium flows, containing the strongly radiating atomic species of N and O. The shock layer of a reentry space vehicle is marked by the presence of extreme temperature and concentration gradients. The nonequilibrium flow-field cannot be represented by a single temperature, and the radiation field is governed by a number of collisional processes. Bansal et al. have discussed the various challenges posed by these extreme conditions. While FSCK and MGFSCK approaches make it possible to evaluate the radiative fluxes at a fraction of the cost needed by line-by-line methods, considerable preparatory work is required before the methods can be used: (i) determination of the spectral absorption coefficient for all flow conditions, and (ii) assembly of k-distributions from the absorption coefficients. It is advantageous to database k-distributions, from which any desired full-spectrum k-distribution can be calculated on-the-fly. Modest and Riazzi [10] have shown the advantages and applicability of using such a database in combustion applications. They databased a set of kdistributions as a function of thermodynamic state parameters. The databasing scheme was further optimized by Wang and Modest [11] , who demonstrated the use of various quadrature schemes for preparing a highly accurate and compact database.
In the case of nonequilibrium atomic radiation, there are a large number of parameters to database, which include translation and electron temperatures and number densities of electrons, neutral atoms, and ions. The presence of such a large number of parameters complicates the databasing scheme. However, some of these difficulties can be overcome by appropriately dividing the full spectrum into a number of part spectra. This paper is an improvement over our previous paper [12] and focuses on the development of a k-distribution databasing scheme for the most significant species, atomic N and O.
Evaluation of Spectral Property of Gases
Radiation from atomic bound-bound lines makes far-and-away the most significant contribution to radiative heat flux for typical reentry conditions into earth's atmosphere; making bound-free, free-free, and diatomic radiation of lesser importance. This paper is an improvement over our previous paper [12] and utilizes stateof-the-art spectroscopic data taken from the National Institute of Standards and Technology (NIST) [13] . In the old paper, the spectroscopic constants were taken from the database of Sohn et al., which is derived from NEQAIR96 and comprises a total of 170 lines for N and 86 lines for O [14, 15] . These data are vastly outdated and have been proven to lead to significant errors. Park [16] included the extended atomic line data in the NEQAIR code to perform radiation calculations for Fire II and Apollo 4 vehicles. He concluded that inclusion of new atomic lines from extended NIST data significantly increased the radiative intensity. An update of the NEQAIR code was presented by McCorkle et al. [17] , using the extended atomic line data and updated Stark broadening database. Similar updated atomic and molecular data have been compiled by Chauveau et al. [18, 19] and Johnston [20] . The updated spectroscopic data for the atomic bound-bound lines of N and O species used in the current work comprise 914 boundbound lines for N and 682 for O for wavelengths below 20,000 Å [13] . Following the work of Sohn et al. [15] , the spectroscopic constants from NIST were converted into a more efficient format for quick evaluation of absorption and emission coefficients. Following this format, absorption and emission coefficients for an isolated atomic bound-bound line can be written as e k ð/Þ ¼ g e 0 n 0 e ð/ÞA e 0 e 00 hc 1 k
and
where e c k and j c k are the constant part of the spectral emission and absorption coefficient (precalculated values stored in tables), U k is the Voigt line profile, and n 0 e and n 00 e are the populations of upper and lower nondegenerate electronic states, respectively. Under nonequilibrium, the gas state vector / ¼ T; T e ; n ð Þ depends on two temperatures-the translation temperature T and the electron temperature T e -and the number density vector n, specifying concentrations (of neutral, ion and electron). The database of Sohn et al. uses the Quasi-steady-state model (QSS) developed by Park [21] to model the nonequilibirum electronic state populations. This model groups all the electronic states into a total of 22 energy levels for N and 19 levels for O [15, 21] . The Park model has been observed to lead to spurious inversions in electronic state populations. This discrepancy has been found largely due to outdated rate coefficients used in the QSS calculations. Therefore, the simplified interpolation tables for QSS calculations generated by Sohn et al. needed significant improvements. We collected state-of-the-art rate parameters from various references given by Johnston et al. and regenerated the interpolation tables from which electronic state populations of N and O can be calculated very efficiently through interpolation and lookup. These interpolation tables have been proven to be more efficient than the direct matrix inversion required in the QSS calculation. The new electronic excitation model employs 35 levels for N and 32 levels for O.
The Voigt profile U k is defined by Lorentzian and Gaussian line half-widths. The line width is an important parameter as it specifies how far from the line center a line retains its strength before its contribution becomes insignificant. Usually, with a Voigt line profile a strong atomic line may remain important up to 25-50 line half-widths on each side of the line, since it is optical thicknesses of order unity that contribute most to the radiative transfer. The Lorentzian width depends on a number of broadening mechanisms. For the case of high-temperature plasmas having high electron number densities, the Lorentz width is essentially governed by Stark broadening, while the Gaussian width comes from Doppler broadening. The Stark width b S and Doppler width b D can be written as [22] ; k ' is the wavelength at the center of an atomic line and m is the mass of the radiating atom. The dependency of the Stark width on n e and T e can be combined into a single normalized dimensionless parameter u n e ; T e ð Þ. Thus, the Voigt line profile U k depends on two parameters, T and u.
The RTE for an absorbing and emitting nonequilibrium hypersonic plasma can be written in a similar fashion to the equilibrium case [23] as
where I ne bk ð/Þ is a nonequilibrium Planck function. The nonequilibrium Planck function is not a continuous function but rather is defined separately for each line at line center. In general, for an isolated line, the nonequilibrium Planck function can be written as
The dependence of gas spectral properties on nonequilibirum QSS population makes databasing of these properties impractical, as it would require huge storage space in addition to fifth-order interpolation. It is imperative to define alternative gas properties independent of / before generating any meaningful database. If the spectrum is broken into a number of scales such that within each scale all overlapping atomic lines over a part-spectrum have similar dependency on n 0 e and n 00 e , the dependencies on / can be factored out and the number of parameters to database can be reduced. The stimulated emission term in the expression of absorption coefficient in Eq. (9) is approximated by assuming that the upper state population n 0 e is related to the lower state population n 00 e with a Boltzmann distribution at the free electron temperature T e . In this way, the absorption coefficient can be approximated as
where E e 00 and E e 0 represent energy of upper and lower electronic states of the transition. The only QSS-dependent quantity in the above expression is n 00 e , which is factored out and an absorption cross-section is defined as
where w T; T e ; u ð Þis the reduced gas state vector, which depends on three parameters as apposed to / that depends on five parameters (including number density of neutral atoms and ions) through the QSS model. For a group of overlapping lines, the absorption cross-section can be written as
where the summation is taken over all bound-bound lines contributing at any wavelength k and with the same n 00 e . Approximation of the nonequilibrium Planck function is a little more tricky. If the lines do not overlap then there is no problem, as the Planck function near a given line will be governed by its own nonequilibrium Planck function given by Eq. (6). In theory, however, lines are infinitely wide, and therefore, overlap is always there. For overlapping lines, the nonequilibrium Planck function can be written as the ratio of emission and absorption coefficients as
If the overlapping lines involve very different energy states then the nonequilibrium Planck function will not be a smooth function, as shown in Fig. 1 for n In k-distributions, the rapidly varying spectral absorption coefficient is reordered into a monotonically increasing function over a narrow-band, part-spectrum or full spectrum. Most of the k-distribution methods to date have been developed for the case of thermodynamic equilibrium, where the radiation field is represented by a single temperature. The formulation of the k-distribution method for nonequilibrium is a little more challenging than its equilibrium counterpart, as shown by Bansal et al. [9] . In this section, a more general formulation of the multiscale part-spectrum k-distribution method is presented.
Equation (5) is reordered into a k-distribution by multiplying it with the Dirac-delta function dðk m À j mk ð/ 0 ÞÞ, followed by integration over the part-spectrum, where j k ð/ 0 Þ is the absorption coefficient evaluated at some reference state / 0 . A part-spectrum is chosen in such a way that it covers atomic bound-bound lines belonging to the same scale (similar dependency on n 
where the cumulative k-distribution for the scale m can be defined as
Since k m ð/Þ and k 0 m ðwÞ differ by only a constant factor, the cumulative k-distribution remains the same. Also, for numerical precision reasons a monotonically decreasing cumulative distribution is defined, as most of a full-spectrum k-distribution lies in the grange 0 g 0.01.
In 
Assembly of Full-Spectrum k-Distributions From Part-Spectrum k-Distributions
Bansal et al. [9] have shown how the full-spectrum correlated-k distribution method can be applied to the atomic radiation transfer problem in hypersonic nonequilibrium flows. It has been demonstrated by Modest and Riazzi [10] that the required full-spectrum k-distributions can be assembled very quickly from a narrow-band database for any arbitrary gas state. If part spectra of scales of atomic bound-bound lines are assumed to be nonoverlapping, then the necessary full-spectrum k-distributions can be assembled in a method similar to developed by Modest and Riazzi. Equation (5) is multiplied by the Dirac-delta function dðk À j k ð/ 0 ÞÞ and integrated over the full spectrum. This leads to Equation (23) is a general relation for the assembly of part-spectrum k-distributions. One can either combine all the part-spectrum k-distributions into a full-spectrum k-distribution or one can combine different subsets of part-spectrum k-distributions to develop multigroup k-distributions. The reader is referred to our earlier work for more details [9] . Equation (22) can be transformed into the much smoother g-space by dividing it by the k-distribution at the reference state, f ð/ 0 ; / 0 ; kÞ, leading to
with
Here k Ã ð/ 0 ; /; gÞ is the (k versus g) distribution with the absorption coefficient evaluated at the local conditions / and the Planck function at the reference state / 0 [3] , and að/; / 0 ; gÞ is a weight or nongray stretching function given by , T e 5 10,000 K, and T 5 15,000 K
Database Generation
The main objective of this work is to generate and store accurate part-spectrum k-distribution ðk 0 m ðw; g 0 m ÞÞ data as a function of the reduced gas state vector w T; T e ; / ð Þ . The gas state conditions used to generate the k-distributions are given in Table 1 . It was found that more points are required for smaller values of all the parameters, for which the line shape tends to be narrower. To allow for efficient search-free retrieval, this is achieved by selecting equally spaced points along a power law distribution. The absorption cross-section has very strong dependence on the Stark width parameter u, and thus relatively many u points are needed in the database. Since the translational temperature T is always larger than the electron temperature T e , the database comprises only those states for which T > T e .
As a first step, lines of a species are sorted according to electronic states e 0 and e 00 associated with the transition. After this initial sorting of lines, scales or groups of lines are formed such that each scale contains only those lines that have similar dependence on the electronic states. In this way, a total of 30 part-spectrum scales were created for N and 35 for O. Next, high-fidelity absorption cross-section data are generated for each part-spectrum with a spectral resolution of 0.001Å to ensure that generated k-distributions are accurate. From the high accuracy absorption cross-section data, k-distributions were generated for each of the gas conditions listed in Table 1 . This involves choosing a (large) number of k We employed 5000 k 0 -bins again distributed according to a power law distribution [11] . A k-distribution database employing 5000 points requires vast storage space À92 GB for all the conditions given in Table 1 . Therefore, the next step is to reduce its size, without compromising accuracy. Wang and Modest [11] have described a number of schemes by which the size of the data can be reduced. This includes the concept of fixed g and storing the data using a Gaussian quadrature scheme. The k-distribution data are sets of k Following the work of Wang and Modest [11] , a scalable Gauss-Chebyshev quadrature scheme was used for data compaction. An n-node Gauss-quadrature scheme has (2n À 1)-th order of accuracy. The fixed g 0 m -values are chosen as the abscissas of the Chebyshev polynomial of the second kind U n (x). The use of the Gauss-Chebyshev quadrature scheme has the particular advantage of scalability, i.e., the lower rank quadrature is a subset of the next higher rank quadrature. In other words, for any given U n , one can always find another U m , whose zeroes include all the zeroes of U n . In practice, if we have a 128-point quadrature, we can take every fourth point to use a 32-point quadrature, without any interpolation. In this work, the minimum number of quadrature points used is 32 and a maximum of 128-points were used to set the fixed g A value of a ¼ 2.0 places more points at smaller g-values and has been used in this work. With this quadrature scheme, the total size of the database was reduced to about 300 MB for both the species.
Application of the Database
In this section, the methodology to assemble a full-spectrum kdistribution from the database is presented. First part-spectra kdistributions are calculated at a given gas state by interpolating between the stored data. This requires interpolation in threedimensional space formed by the variables T, T e , and u. Since in the database, all k Since, as a result of data compaction, different k-distributions may have different number of points (e.g., 32 for one and 64 for another), this may require an additional interpolation within individual k-distributions of all part-spectra. A cubic spline interpolation scheme is employed for this purpose. Once all part-spectrum k-distributions are known at a given gas state, the full-spectrum kdistribution can be assembled from the M part-spectra using Eq. (28). The addition in Eq. (28) is carried out at fixed k-values and requires another interpolation of g m ð/; k m Þ-values at fixed k-values for each part-spectrum. Again a cubic spline scheme is utilized to carry out this interpolation.
Sample Calculations
To check the accuracy of the database, a number of calculations were performed. First, the accuracy of each part-spectrum k-distribution was checked by comparing part-spectrum gas column emissivities m , with those obtained from direct line-by-line calculations using
where the values of n 00 e L is chosen in such a way as to provide an emissivity of approximately 0.40-À0.60, but restricting the maximum value to n 00 e L ¼ 5.0 Â 10 18 cm À2 , as larger values are unrealistic for general planetary entry conditions. Therefore, the actual emissivity value may not fall within the above specified range for all part-spectra. The accuracy was checked for a large number of interpolated states (a total of 10,000 randomly generated values of u, T e , and T), and the maximum relative error was found to be always below 0.5%, except for cases for which emissivity was very small. A typical calculation (for interpolated values of u, T e , and T) is shown in Fig. 3 , where part-spectrum emissivities of a gas column containing atomic O are compared, showing excellent agreement with line-by-line results. Similar excellent agreement was obtained for N.
To demonstrate the accuracy of the k-distribution database when solving atomic radiation problems in hypersonic nonequilibrium flows, the k-distribution database is applied to calculate radiative heat transfer along the stagnation line of the Stardust vehicle shown in Fig. 4 . Database results are compared with line-byline results as well as with direct k-distribution results, where kdistributions are calculated on-the-fly from spectral absorption coefficient data. It has been shown that results obtained from the single group full-spectrum k-distribution method are relatively inaccurate compared with multigroup k-distribution results [9] . In the multigroup method, all the part-spectra are not combined into a single full-spectrum k-distribution, but rather a number of k-distributions are assembled from a subset of part-spectrum k-distributions and for each group RTEs are solved separately. Specifically, a 4-group model is employed in our calculations, as presented in our earlier work on the multigroup model [9] . Wall heat flux results obtained from both the direct 4-group FSK and database calculations agree to within 1% with the line-by-line results. In Fig. 5 , results for divergence of heat flux are presented, demonstrating that very accurate results can be obtained using the database. The maximum absolute error in the radiative source term is about 30 W/cm 3 out of 2500 W/cm 3 in the overshoot region and about 2 W/cm 3 out of 70 W/cm 3 in the plateau region. The relatively larger error in the overshoot region is due to coarse resolution of the flow-field grid and the concentrated heat source.
Computational Efficiency
To demonstrate the efficiency of the k-distribution method together with the databasing scheme, computational times were measured for the heat transfer calculations for the Stardust stagnation line problem discussed above. The LBL method requires calculating emission and absorption coefficients at hundreds of thousands of wavelengths and solving the RTE at each of the wavelengths. The measured CPU-times for the LBL generation of spectral data and solution of the RTE are given in Table 2 . Since time required in the LBL method directly depends on the spectral resolution at which spectral data are generated, results from two different resolutions are shown for comparison. In general, an atomic radiation calculation demands a resolution of at least 0.01 Å for good accuracy. At coarser resolutions, the accuracy of LBL results decreases. Errors as high as 6-7% in wall heat flux were observed for a resolution of 0.05 Å . Also, each line is assumed to be spread 50 Voigt line half widths on each side of the line center. The correlated-k method requires interpolation of spectral data at local gas conditions, assembly of full-spectrum k-distributions from the part-spectrum k-distributions, calculation of the a functions, and solution of the RTE at a number of quadrature points. The multigroup k-distribution model [9] was used for comparison. 
